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Abstract. In the paper, we consider the free boundary value problem to 3D spherically symmetric
compressible isentropic Navier-Stokes-Poisson equations for self-gravitating gaseous stars with γ-
law pressure density function for 6
5
< γ ≤
4
3
. For stress free boundary condition and zero flow
density continuously across the free boundary, the global existence of spherically symmetric weak
solutions is shown, and the regularity and long time behavior of global solution are investigated
for spherically symmetric initial data with the total mass smaller than a critical mass.
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1. Introduction and Main Results
The motion of self-gravitating viscous gaseous stars can be described by the compressible Navier-
Stokes-Poisson (NSP) system in R3 :
ρt + div(ρu) = 0,
(ρu)t + div(ρu⊗ u) +∇P (ρ) = µ△u+ (λ+ µ)∇divu+ ρ∇Φ,
−△Φ = 4πρ
(1)
where (x, t) ∈ R3 × R+, ρ(x, t),u(x, t) = (u1(x, t), u2(x, t), u3(x, t)), P (ρ) and Φ denote the density,
velocity, pressure and the potential function of the self-gravitational force respectively. The constants
µ and λ are Lame´ viscosity coefficients satisfying
µ > 0, 2µ+ 3λ ≥ 0. (2)
We assume the polytropic gas pressure
P (ρ) = κργ , γ > 1, (3)
where γ > 1 is the adiabatic exponent and κ > 0 is an entropy constant which is to be one for
simplicity. In the motion of gaseous stars, the different value of γ may affect the existence, uniqueness
and stability of stationary solutions. For the spherically symmetric motion, stationary solution (ρ¯(r), 0)
with non-moving gaseous sphere, satisfies the following:
∂rρ¯
γ = −4πρ¯
r2
∫ r
0
ρ¯s2ds. (4)
The ordinary differential equation (4) can be transformed into the famous Lane-Emden equation [1].
For given finite total mass, there exists at least one compactly supported stationary solution to (4) for
6
5 < γ < 2, refer to [12]. For
4
3 < γ < 2, every stationary solution is compactly supported and unique.
For γ = 65 , there is a unique solution with infinite support, and it can be written explicitly in terms of
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the Lane-Emden function. On the other hand, for 1 < γ < 65 , there are no stationary solutions with
finite total mass. Recently, many important study on the asymptotic stability/instability of stationary
solutions has been made, for instance, in [2, 12, 9, 7, 14, 15, 16]. Due to the balance between flow
pressure and gravity force, it was shown that there is a critical value γc =
4
3 in spatial three-dimension,
the stationary Lane-Emden solution is expected to be stable for γ > 43 and instable for γ <
4
3 . Indeed,
Jang and Tice [9] prove the instability theory of the NSP equations for 65 < γ <
4
3 , and the nonlinear
asymptotic stability of the Lane-Emden solutions for the viscous gaseous star is established by Luo-
Xin-Zeng [14, 15] for 43 < γ < 2. For γ =
6
5 , the nonlinear instability is proved for gravitational
Euler-Poisson system in [7].
The free boundary value problem (FBVP) for the compressible NSP equations which involves
the influence of the vacuum state on the existence and dynamics of solutions has attracted lots
of research interests and been studied extensively, refer to [5, 8, 9] and the references therein. For
instance, Jang[8] establishes the local-in-time well-posedness of spherically symmetric strong solutions
to the free boundary value problem for 65 < γ < 2. The global spherically symmetric weak solutions
are constructed in [5] for γ > 43 where the choice of γ >
4
3 plays a critical role on the energy
estimates to ensure that the negative gravitational energy can be dominated by the positive kinetic-
internal/dissipation energy. The global existence of a spherically symmetric entropy weak solution for
the compressible NSP system with density-dependent viscosity coefficients to the FBVP is shown for
general initial data with finite entropy when the density changes discontinuously across the interfaces
separating the fluid and vacuum in [3] for 65 < γ ≤ 43 . However, it is not known yet whether there
may exist or not any solution globally in time to NSP (1) for 65 < γ ≤ 43 with the stress-free boundary
condition and the zero flow density continuously across the free boundary. And it is also interesting
to investigate the long time behaviors of global solution to the FBVP.
In this paper, we investigate the FBVP for the compressible NSP system (1) for viscous gaseous
stars with the stress-free boundary condition and the zero flow density across the free boundary. For
spherically symmetric initial data with finite mass (smaller than a critical mass) and energy, we prove
the global existence of spherically symmetric weak solutions to the FBVP problem for (1), establish
the regularities of solution and the positivity of flow density, and obtain the expanding rate of the
domain occupied by the fluid for 65 < γ ≤ 43 .
To state the main results, let us consider the spherically symmetric solution (ρ,u) to (1) in R3
so that
ρ(x, t) = ρ(r, t), u = u(r, t)
x
r
, r = |x|,
and (1) are changed to{
ρt + (ρu)r +
2ρu
r = 0,
(ρu)t + (ρu
2 + ργ)r +
2ρu2
r = (λ + 2µ)(ur +
2u
r )r − 4piρr2
∫ r
0 ρs
2ds,
(5)
for (r, t) ∈ ΩT with
ΩT = {(r, t)|0 ≤ r ≤ a(t), 0 ≤ t ≤ T }.
The initial data is taken as
(ρ, ρu)(r, 0) = (ρ0,m0)(r) := (ρ0, ρ0u0)(r), r ∈ (0, a0). (6)
At the center of symmetry we impose the Dirichlet boundary condition
u(0, t) = 0, (7)
and across the free surface ∂Ωt which moves in the radial direction along the particle path r = a(t),
the vacuum state appears and the stress-free boundary condition holds
F (a(t), t) = 0, ρ(a(t), t) = 0, t ≥ 0, (8)
where a′(t) = u(a(t), t), t > 0 , a(0) = a0 > 0 and the stress (effective viscous flux) F is defined by
F =: ργ − (λ+ 2µ)divu = ργ − (λ+ 2µ)ur − (λ+ 2µ)2u
r
. (9)
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Definition 1.1. (ρ,u, a) with ρ ≥ 0 a.e. is said to be a weak solution to the free boundary value problem
(1), (5)-(8) on Ωt × [0, T ], provided that it holds that
ρ ∈ L∞(0, T ;L1(Ωt) ∩ Lγ(Ωt)), √ρu ∈ L∞(0, T ;L2(Ωt)),
∇u ∈ L2(0, T ;L2(Ωt)), a(t) ∈ H1([0, T ]), (10)
and the equations are satisfied in the sense of distribution. Namely, it holds for any t2 > t1 ≥ 0 and
any φ ∈ C1([0, T ]× Ω¯t) that ∫
Ωt
ρφdx|t2t1 =
∫ t2
t1
∫
Ωt
(ρφt + ρu · ∇φ)dxdt, (11)
and for ψ = (ψ1, ψ2, ψ3) ∈ C1([0, T ]× Ω¯t) satisfying ψ(x, T ) = 0 and ψ(x, t) = 0 on ∂Ωt that∫
Ωt
m0 · ψ(x, 0)dx+
∫ T
0
∫
Ωt
[ρu · ∂tψ + ρu⊗ u : ∇ψ]dxdt
+
∫ T
0
∫
Ωt
ργdivψdxdt+
∫ T
0
∫
Ωt
(µ∇u : ∇ψ + (λ+ µ)divudivψ)dxdt =
∫ T
0
∫
Ωt
ρ∇Φ ψdxdt, (12)
where Ωt = {r ∈ R+|0 ≤ r ≤ a(t)}, and
−△Φ = 4πρ a.e.
where Φ is defined in R3 through the Poisson equation with Φ → 0 as |x| → ∞ and ρ = 0 in R3\Ωt
at time t. The free boundary condition (8) is satisfied in the sense of trace.
Then, we have the main results on global existence and long time behavior of solution to free
boundary value problem of (1) for 65 < γ ≤ 43 below.
Theorem 1.2. (Global existence) Let T > 0 and 65 < γ ≤ 43 . Assume that the spherically symmetric
initial data (6) satisfies the regularity and compatibility conditions
0 ≤ ρ0 ∈ L1(Ω0) ∩ L∞(Ω0), (ρ0)k ∈ H1(Ω0), u0 ∈ H1(Ω0), (13)
ρ0(r) > 0, r ∈ (0, a0), ρ0(a0) = 0, u0r(a0) + 2u0(a0)
a0
= 0, (14)
where k is the constant satisfying 0 < k ≤ γ − 12 . If the mass M = 4π
∫ a0
0 ρ0(r)r
2dr satisfies M < Mc
with
Mc =

(
3
B
)
3
2 , γ =
4
3
;
[
4− 3γ
γ − 1 (
B
3
)−
3(γ−1)
4−3γ ]
4−3γ
5γ−6 (E0)
− 4−3γ5γ−6 , γ ∈ (6
5
,
4
3
),
and B is a positive constant related to γ defined in Lemma 2.1, then there exists a global spherically
symmetric weak solution
(ρ,u, a)(x, t) = (ρ(r, t), u(r, t)
|x|
r
, a(t)), r = |x|,
to (5) for t ∈ [0, T ], which satisfies ρ(r, t) ≥ 0 a.e. and
c0 ≤ a(t) ≤ CT , a(t) ∈ H1(0, T ), (15)∫ a(t)
0
(
1
2
ρu2 + Cγρ
γ)r2dr + (λ+ 2µ)
∫ t
0
∫ a(τ)
0
(ur +
2u
r
)2r2drdτ ≤ E0, (16)
where c0 > 0, CT > 0 are two constants, E0 :=
∫ a0
0
(12ρ0u
2
0 +
1
γ−1ρ
γ
0)r
2dr and Cγ =
4−3γ
γ−1 , γ ∈
(65 ,
4
3 ); Cγ = 3−BM
2
3 > 0 for γ = 43 .
Furthermore, the solution (ρ, u, a) satisfies the following properties:
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(i) (Transport Property) For any ri ∈ (0, a0], there exist positive constants Cxi,T , cxi,T and c
such that
ρ0(ri)e
−cxi,T /(λ+2µ) ≤ ρ(rxi(t), t) ≤ ρ0(ri)eCxi,T /(λ+2µ), t ∈ [0, T ], (17)
cx
γ
3(γ−1)
0 ≤ rx0(t) ≤ a(t), t ∈ [0, T ], (18)
c(x2 − x1)
γ
γ−1 ≤ r3x2(t)− r3x1(t), t ∈ [0, T ], (19)
where rxi(t), i = 0, 1, 2, is the particle path defined by
drxi (t)
dt = u(rxi(t), t) with rxi(0) = ri ∈ (0, a0]
and xi =
M
4pi −
∫ a0
ri
ρ0r
2dr, Cxi,T , cxi,T → +∞ as xi → 0.
(ii) (Interior regularity) If the initial velocity also satisfies u0 ∈ H2([r−0 , r+b ]) for any 0 < r−0 <
r0 < rb < r
+
b ≤ a0. Then, the following interior regularities hold
(ρ, u) ∈ C([rx0(t), rxb(t)]× [0, T ]),
ρ ∈ L∞(0, T ;H1([rx0(t), rxb(t)])), u ∈ L∞(0, T ;H2([rx0(t), rxb(t)])),
ρt ∈ L∞(0, T ;L2([rx0(t), rxb(t)])) ∩ L2(0, T ;H1([rx0(t), rxb(t)])),
ut ∈ L∞(0, T ;L2([rx0(t), rxb(t)])) ∩ L2(0, T ;H1([rx0(t), rxb(t)]))
(20)
where rx0(t) is the particle path defined as above and rxb(t) is the particle path with rxb(0) = rb and
xb =
M
4pi −
∫ a0
rb
ρ0r
2dr.
(iii) (Boundary regularity) It holds near the free boundary r = a(t) that
‖(ρk, u)(t)‖H1(Ωη) + ‖F (t)‖L2(Ωη) + ‖
√
ρu˙‖L2(0,T ;L2(Ωη))
+ ‖F‖L2(0,T ;H1(Ωη)) + ‖u‖L2(0,T ;H2(Ωη)) + ‖a‖H1([0,T ]) ≤ CT δ0, (21)
with δ0 =: ‖ρ0‖L∞([0,a0]) + ‖u0‖H1([0,a0]) + ‖ρk0‖H1([0,a0]) and Ωη = (a(t) − η, a(t)) for some small
constant η > 0. In addition, if the initial data (ρ0, u0) satisfy u0 ∈ H2([a0 − η, a0]), ρ−
1
2
0 ∂
2
ru0 ∈
L2([a0 − η, a0]) and compatibility condition, then
‖√ρu˙(t)‖L2(Ωη) + ‖u(t)‖H2(Ωη) + ‖ρ−
1
2 ∂2ru‖L2(Ωη) + ‖F (t)‖H1(Ωη) + ‖a‖H2([0,T ]) ≤ CT δ1, (22)
with u˙ = ut + uur and δ1 = ‖ρ0‖L∞([0,a0]) + ‖u0‖H1([0,a0]) + ‖ρ
− 12
0 ∂
2
ru0‖L2([a0−η,a0]) + ‖ρk0‖H1([0,a0]).
Theorem 1.3. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any global (strong or weak) solution to the FBVP
(5) for t ∈ [0, T ] with F = ργ − (λ+ 2µ)ur − (λ+2µ)2ur ∈ L2(0, T ;H1(Ωη)) and Ωη = (a(t)− η, a(t))
for some small constant η > 0. If M < M <Mc with
M =

(
3
2B
)
3
2 , γ =
4
3
;
[
4− 3γ
γ − 1 (
B
3
)−
3(γ−1)
4−3γ ]
4−3γ
5γ−6 (lE0)
− 4−3γ5γ−6 , γ ∈ (6
5
,
4
3
),
for some l > 1, then∫ a(t)
0
(
1
2
ρu2 +
1
2(γ − 1)ρ
γ)r2dr + (λ + 2µ)
∫ t
0
∫ a(τ)
0
(ur +
2u
r
)2r2drdτ ≤ E0, (23)
and then for any t > 0,
1
a31(t)
∫ a(t)
0
ργr2dr ≤ C(1 + t)7−6γ , (24)
therefore,
a1(t) = max
s∈[0,t]
a(s) ≥ C(1 + t) 6γ−73γ , 6
5
< γ ≤ 4
3
, (25)
where C is a constant independent of time.
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In particular, it holds for γ = 43 that
1
a3(t)
∫ a(t)
0
ργr2dr ≤ C(1 + t)−1, (26)
therefore,
a(t) ≥ C(1 + t) 14 , (27)
and for γ ∈ (65 , 43 ) and any β ∈ (2(4−3γ)3 , 13γ ), there exists time sequence {tn} such that
a(tn)
(1 + tn)β
→ +∞, tn → +∞. (28)
Remark 1.4. As shown in [12], for given finite total mass M , there exists at least one compactly sup-
ported stationary solution (ρ¯(r), 0) satisfying (4) in a finite domain [0, a¯] for 65 < γ ≤ 43 . And it is not
difficult to analyze that the steady state (ρ¯(r), 0) does not fit the phenomenon shown in Theorem 1.3.
Indeed, it is easy to obtain that the energy of (ρ¯(r), 0) satisfies 1γ−1
∫ a¯
0
ρ¯γr2dr−4π ∫ a¯
0
ρ¯r
∫ r
0
ρ¯s2dsdr =
4−3γ
γ−1
∫ a¯
0
ρ¯γr2dr < 12(γ−1)
∫ a¯
0
ρ¯γr2dr for 65 < γ ≤ 43 . But for any solution which satisfies the assumption
of Theorem 1.3, its energy satisfies 1γ−1
∫ a(t)
0 ρ
γr2dr − 4π ∫ a(t)0 ρr ∫ r0 ρs2dsdr ≥ 12(γ−1) ∫ a(t)0 ργr2dr
(which will be proved in Lemma 2.1). This is a contradiction provided that (ρ¯(r), 0) satisfies the
assumption of Theorem 1.3. In addition, one can conclude from (24) that the mean value of total
pressure is dispersive for any dynamical solution which is different from the stationary solution.
The rest part of the paper is arranged as follows. In Sect. 2, the uniform a-priori estimates of
global approximate solutions are established and the Theorem 1.2 on global existence of spherically
symmetric solution to original problem is shown. Particularly, we make basic energy estimate , the
integrability of the pressure and the bounds of density in the Eulerian coordinates. After that, by the
Lagrangian coordinates transform we translates the moving domain into a fixed domain to estimate
the higher regularity of the approximate solutions near the free boundary and in the interior domain.
In Sect. 3, the Theorem 1.3 on the long time expanding rate of the domain is established.
2. A-Priori Estimates
To prove Theorem 1.2, let us consider the following modified free boundary value problem:{
ρt + (ρu)r +
2ρu
r = 0,
(ρu)t + (ρu
2 + ργ)r +
2ρu2
r = (λ + 2µ)(ur +
2u
r )r − 4piρr2
∫ r
ε
ρs2ds,
(29)
for (r, t) ∈ ΩεT = {(r, t)|ε ≤ r ≤ a(t), 0 ≤ t ≤ T } with the following initial data and boundary
condition for any fixed small ε > 0
(ρε, uε)(r, 0) = (ρε0, u
ε
0)(r), ε ≤ r ≤ a0, (30)
uε(ε, t) = 0, ((ρε)γ − (λ+ 2µ)uεr − (λ+ 2µ)
2uε
r
)(aε(t), t) = 0, t > 0, (31)
where (aε)′(t) = uε((aε(t), t), t > 0 and aε(0) = a0. We should establish the global existence and
the uniformly a priori estimates of the approximate solution sequence with respect to ε > 0. Without
the loss of generality, one can assume that the initial data is smooth enough and consistent with the
boundary value (31) to the higher order. The uniform estimates of the approximate solutions will be
made. From simplicity, we omit the subscript ε below.
To deal with the motion of free boundary, it is convenient to investigate the approximate FBVP
problem (29)-(31) in Lagrangian coordinates . Let (ρ, u, a) be any strong solution to the FBVP (29)-
(31). By the conservation of mass
M = 4π
∫ a(t)
ε
ρr2dr = 4π
∫ a0
ε
ρ0r
2dr,
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define the Lagrangian coordinates transform
x(r, t) =
∫ r
ε
ρy2dy, τ = t, (32)
for (r, t) ∈ ΩεT = {(r, t)|ε ≤ r ≤ a(t), 0 ≤ t ≤ T } which translates the domain ΩεT into [0, M4pi ]× [0, T ]
and satisfies
∂x
∂r
= ρr2,
∂x
∂t
= −ρur2, ∂τ
∂r
= 0,
∂τ
∂t
= 1, (33)
and
r3(x, τ) = ε3 + 3
∫ x
0
1
ρ
(y, τ)dy = a3(t)− 3
∫ M
4pi
x
1
ρ
(y, τ)dy,
∂r
∂τ
= u. (34)
The free boundary problem (29)-(31) is changed to{
ρτ + ρ
2(ur2)x = 0,
uτ + r
2(ργ − (λ+ 2µ)ρ(ur2)x)x + 4pixr2 = 0,
(35)
The initial data and boundary conditions are given by
(ρ, u)(x, 0) = (ρ0, u0)(x)
u(0, τ) = 0, (ργ − (λ+ 2µ)ρr2ux − (λ+ 2µ)2u
r
)(
M
4π
, τ) = 0, (36)
where r = r(x, τ) is defined by
∂
∂τ
r(x, τ) = u(x, τ), x ∈ [0, M
4π
], τ ∈ [0, T ], (37)
and the boundary x = M4pi corresponds to the free boundary a(τ) = r(
M
4pi , τ) determined by
d
dτ
a(τ) = u(
M
4π
, τ), τ ∈ [0, T ]; a(0) = a0. (38)
In the rest part of this section, we make basic energy estimate, the integrability of the pressure
and the bounds of density in the Eulerian coordinates and make boundary and interior estimates in
Lagrangian coordinates.
2.1. Estimates in Eulerian coordinates
Lemma 2.1. (Basic energy estimate) Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the
FBVP (29)-(31). If the mass M < Mc, then it holds that∫ a(t)
ε
(
1
2
ρu2 + Cγρ
γ)r2dr + (λ+ 2µ)
∫ t
0
∫ a(τ)
ε
(ur +
2u
r
)2r2drdτ ≤ E0, (39)
and
a(t) ∈ H1([0, T ]), c0 ≤ a(t) ≤ CT , t ∈ (0, T ), (40)
where E0 :=
∫ a0
ε
(12ρ0u
2
0 +
1
γ−1ρ
γ
0 )r
2dr, c0 and CT are positive constants. Cγ is the positive constant
defined in Theorem 1.2
Moreover, if M <M < Mc, then∫ a(t)
ε
(
1
2
ρu2 +
1
2(γ − 1)ρ
γ)r2dr + (λ + 2µ)
∫ t
0
∫ a(τ)
ε
(ur +
2u
r
)2r2drdτ ≤ E0. (41)
Proof. Multiplying (29)2 by ur
2 and integrating the resulted equation over (ε, a(t)), we obtain
after integrating by part and using (30)-(31) that
d
dt
∫ a(t)
ε
(
1
2
ρu2 +
1
γ − 1ρ
γ)r2dr + 4π
∫ a(t)
ε
ρu
∫ r
ε
ρs2dsdr + (λ+ 2µ)
∫ a(t)
ε
(ur +
2u
r
)2r2dr = 0. (42)
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The second term on the left hand of (42) can be rewritten as follows∫ a(t)
ε
ρu
∫ r
ε
ρs2dsdr = −1
2
∫ a(t)
ε
ρtr
∫ r
ε
ρs2dsdr − 1
2
∫ a(t)
ε
(ρu)rr
∫ r
ε
ρs2dsdr
= −1
2
d
dt
∫ a(t)
ε
ρr
∫ r
ε
ρs2dsdr − 1
2
∫ a(t)
ε
ρr
∫ r
ε
(ρus2)sdsdr
+
1
2
∫ a(t)
ε
ρu
∫ r
ε
ρs2dsdr +
1
2
∫ a(t)
ε
ρ2ur3dr
=
1
2
∫ a(t)
ε
ρu
∫ r
ε
ρs2dsdr − 1
2
d
dt
∫ a(t)
ε
ρr
∫ r
ε
ρs2dsdr.
which implies ∫ a(t)
ε
ρu
∫ r
ε
ρs2dsdr = − d
dt
∫ a(t)
ε
ρr
∫ r
ε
ρs2dsdr (43)
Then, one can deduce from (42) and (43) that∫ a(t)
ε
(
1
2
ρu2 +
1
γ − 1ρ
γ)r2dr − 4π
∫ a(t)
ε
ρr
∫ r
ε
ρs2dsdr + (λ+ 2µ)
∫ t
0
∫ a(τ)
ε
(ur +
2u
r
)2r2drdτ
≤ E0 :=
∫ a0
ε
(
1
2
ρ0u
2
0 +
1
γ − 1ρ
γ
0 )r
2dr (44)
We estimate the second term on the left hand side of (44) below. By definition Φr = − 4pir2
∫ r
ε
ρs2ds, it
holds
4π
∫ a(t)
ε
ρr
∫ r
ε
ρs2dsdr =
1
8π
∫ a(t)
ε
r2|Φr|2dr + 2π
a(t)
(
∫ a(t)
ε
ρr2dr)2. (45)
Using the elliptic equation (1)3, Ho¨lder’s inequality and interpolation inequality, one can get that∫ a(t)
ε
r2|Φr|2dr = 1
4π
‖∇Φ‖2L2(Ωε(t)) ≤
1
4π
‖∇Φ‖2L2(R3)
≤ ‖ρ‖Lp(Ωε(t))‖Φ‖Lp′(R3) ≤ ‖ρ‖θLγ(Ωε(t))‖ρ‖1−θL1(Ωε(t))‖Φ‖Lp′(R3), (46)
where 1p +
1
p′ = 1,
1
p =
θ
γ +
1−θ
1 , ‖ · ‖Lp(Ωε(t)) = (
∫
Ωε(t)
| · |pdx) 1p = (4π ∫ a(t)
ε
r2| · |pdr) 1p and Ωε(t) :=
{x ∈ R3|ε ≤ |x| ≤ a(t)} for t ∈ [0, T ].
By the elliptic equation (1)3 and the Hardy-Littlewood-Sobolev inequality, it holds that
‖Φ‖Lp′(R3) ≤ Aγ‖ρ‖Lγ(Ωε(t)),
where 1p′ =
1
γ − 23 and Aγ is a positive constant just depending on γ. Thus we have
1
8π
∫ a(t)
ε
r2|Φr|2dr = 1
32π2
‖∇Φ‖2L2(Ωε(t)) ≤
1
8π
Aγ‖ρ‖1+θLγ(Ωε(t))‖ρ‖1−θL1(Ωε(t)), (47)
where 1 + θ = γ3(γ−1) , 1− θ = 5γ−63(γ−1) > 0 .
Since
M
4π
=
∫ a(t)
ε
ρr2dr ≤ (
∫ a(t)
ε
ργr2dr)
1
γ (
∫ a(t)
ε
r2dr)1−
1
γ ≤ 3 1γ−1(
∫ a(t)
ε
ργr2dr)
1
γ a(t)3(1−
1
γ
),
then we obtain
1
a(t)
≤ [ 4π
M
3
1−γ
γ ]
γ
3(γ−1) · (
∫ a(t)
ε
ργr2dr)
1
3(γ−1) , (48)
and
2π
a(t)
(
∫ a(t)
ε
ρr2dr)2 =
2π
a(t)
(
M
4π
)2 ≤ 1
2 3
√
3
(4π)
3−2γ
3(γ−1)M
5γ−6
3(γ−1) (
∫ a(t)
ε
ργr2dr)
1
3(γ−1) . (49)
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By (45), (47) and (49), we have
1
γ − 1
∫ a(t)
ε
ργr2dr − 4π
∫ a(t)
ε
ρr
∫ r
ε
ρs2dsdr
=
1
γ − 1
∫ a(t)
ε
ργr2dr − 1
8π
∫ a(t)
ε
r2|Φr|2dr − 2π
a(t)
(
∫ a(t)
ε
ρr2dr)2
≥ 1
γ − 1
∫ a(t)
ε
ργr2dr −BM 5γ−63(γ−1) (
∫ a(t)
ε
ργr2dr)
1
3(γ−1) , (50)
where B = (4π)
1
3(γ−1) ( 1
2 3
√
3
(4π)−
2
3 +
Aγ
8pi ).
We want to show the negative gravitational energy can be dominated by the positive kinetic-
internal energy below that is
1
γ − 1
∫ a(t)
ε
ργr2dr − 4π
∫ a(t)
ε
ρr
∫ r
ε
ρs2dsdr
≥ 1
γ − 1
∫ a(t)
ε
ργr2dr −BM 5γ−63(γ−1) (
∫ a(t)
ε
ργr2dr)
1
3(γ−1)
≥

Cγ
∫ a(t)
ε
ργr2dr, M < Mc;
1
2(γ − 1)
∫ a(t)
ε
ργr2dr, M < M < Mc.
(51)
For the case γ = 43 , by (44) and (50), we obtain
E0 ≥ 3
∫ a(t)
ε
ρ
4
3 r2dr −BM 23
∫ a(t)
ε
ρ
4
3 r2dr
=
3
2
∫ a(t)
ε
ρ
4
3 r2dr + (
3
2
− BM 23 )
∫ a(t)
ε
ρ
4
3 r2dr
≥

(3−BM 23 )
∫ a(t)
ε
ρ
4
3 r2dr, M < (
3
B
)
3
2 ;
3
2
∫ a(t)
ε
ρ
4
3 r2dr, M ≤ ( 3
2B
)
3
2 < (
3
B
)
3
2 .
(52)
For the case 65 < γ <
4
3 , define
f(s) =
1
γ − 1s−BM
5γ−6
3(γ−1) s
1
3(γ−1) , s > 0. (53)
Then, we have
f ′(s) =
1
γ − 1 −
1
3(γ − 1)BM
5γ−6
3(γ−1) s
4−3γ
3(γ−1) , (54)
f ′′(s) = − 1
3(γ − 1)
4− 3γ
3(γ − 1)BM
5γ−6
3(γ−1) s
7−6γ
3(γ−1) , (55)
f ′′(s) < 0, s > 0. (56)
By (44), (50) and (53), it holds that
f(
∫ a(t)
ε
ργr2dr) ≤ E0. (57)
Define
s∗ = (
B
3
)−
3(γ−1)
4−3γ M−
5γ−6
4−3γ , (58)
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which solves f ′(s∗) = 0, and then there is
f(s∗) =
4− 3γ
γ − 1 (
B
3
)−
3(γ−1)
4−3γ M−
5γ−6
4−3γ . (59)
Thus, f(s) increases strictly in (0, s∗) and decreases strictly in (s∗,+∞).
We claim that under the condition
M <Mc = [
4− 3γ
γ − 1 (
B
3
)−
3(γ−1)
4−3γ ]
4−3γ
5γ−6E
− 4−3γ5γ−6
0 , (60)
it holds that
∫ a(t)
ε
ργr2dr < s∗ and then f(
∫ a(t)
ε
ργr2dr) > 4−3γγ−1
∫ a(t)
ε
ργr2dr. Indeed, if M < Mc,
then by direct calculation, it holds that f(s∗) > E0 and
s∗ > (
B
3
)−
3(γ−1)
4−3γ
γ − 1
4− 3γ (
B
3
)
3(γ−1)
4−3γ E0 >
γ − 1
4− 3γE0 > 2(γ − 1)E0,
6
5
< γ <
4
3
.
Since ∫ a0
ε
ργ0r
2dr ≤ (γ − 1)E0 < s∗, (61)
f(
∫ a(t)
ε
ργr2dr) ≤ E0 < f(s∗), (62)
and the continuity of
∫ a(t)
ε
ργr2dr with respect to t, we conclude that∫ a(t)
ε
ργr2dr < s∗. (63)
If (63) is not correct, then by the continuity of
∫ a(t)
ε
ργr2dr with respect to t and (61), there exists
t0 > 0 such that
∫ a(t0)
ε
ργr2dr = s∗, and then
f(
∫ a(t0)
ε
ργr2dr) = f(s∗) > E0,
which contradicts with (62). Therefore, (63) holds for t ≥ 0. By (50), (57) and (63), we obtain
E0 ≥ 1
γ − 1
∫ a(t)
ε
ργr2dr −BM 5γ−63(γ−1) (
∫ a(t)
ε
ργr2dr)
1
3(γ−1)
≥ 1
γ − 1
∫ a(t)
ε
ργr2dr −BM 5γ−63(γ−1) (s∗) 4−3γ3(γ−1)
∫ a(t)
ε
ργr2dr
=
4− 3γ
γ − 1
∫ a(t)
ε
ργr2dr.
We claim that under the condition
M < M := [
4− 3γ
γ − 1 (
B
3
)−
3(γ−1)
4−3γ ]
4−3γ
5γ−6 (lE0)
− 4−3γ5γ−6 < Mc, (64)
for some l > 1, it holds that f(
∫ a(t)
ε ρ
γr2dr) > 12(γ−1)
∫ a(t)
ε ρ
γr2dr. Indeed, if M < M < Mc, then it
holds that f(s∗) > lE0 and
s∗ = (
B
3
)−
3(γ−1)
4−3γ M−
5γ−6
4−3γ >
γ − 1
4− 3γ lE0 > 2l(γ − 1)E0.
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Choose a positive constant 0 < α < 1, such that αl ≥ 1 and then
f(αs∗) =
1
γ − 1αs
∗ −BM 5γ−63(γ−1) (αs∗) 13(γ−1)
= α(
1
γ − 1s
∗ −BM 5γ−63(γ−1) (s∗) 13(γ−1) ) + α(1 − α 4−3γ3(γ−1) )BM 5γ−63(γ−1) (s∗) 13(γ−1)
≥ αf(s∗) > αlE0 ≥ E0 ≥ f(
∫ a(t)
ε
ργr2dr). (65)
Based on (63), (65) and the growth of f(s) in (0, s∗), we obtain∫ a(t)
ε
ργr2dr < αs∗. (66)
By (50), (65) and (66), we obtain
E0 ≥ 1
γ − 1
∫ a(t)
ε
ργr2dr −BM 5γ−63(γ−1) (
∫ a(t)
ε
ργr2dr)
1
3(γ−1)
≥ 1
γ − 1
∫ a(t)
ε
ργr2dr −BM 5γ−63(γ−1) (αs∗) 4−3γ3(γ−1)
∫ a(t)
ε
ργr2dr
=
1
γ − 1
∫ a(t)
ε
ργr2dr − 3α 4−3γ3(γ−1)
∫ a(t)
ε
ργr2dr. (67)
If choose l, α satisfying 0 < α < 1, l > 1, αl ≥ 1, 12 − α
4−3γ
3(γ−1) ≥ 0, then
1
γ − 1
∫ a(t)
ε
ργr2dr − 3α 4−3γ3(γ−1)
∫ a(t)
ε
ργr2dr
=
1
2(γ − 1)
∫ a(t)
ε
ργr2dr + (
1
2(γ − 1) − 3α
4−3γ
3(γ−1) )
∫ a(t)
ε
ργr2dr
≥ 1
2(γ − 1)
∫ a(t)
ε
ργr2dr + 3(
1
2
− α 4−3γ3(γ−1) )
∫ a(t)
ε
ργr2dr
≥ 1
2(γ − 1)
∫ a(t)
ε
ργr2dr. (68)
Thus, one obtains (39) and (41) from (44) and (51). By (39), (48) and the fact that∫ t
0
∫ a(τ)
ε
(ur +
2u
r
)2r2drdτ =
∫ t
0
∫ a(τ)
ε
(u2rr
2 + 2u2 + 2(u2r)r)drdτ
=
∫ t
0
∫ a(τ)
ε
(u2r +
2u2
r2
)r2drdτ + 2
∫ t
0
a(τ)(a′(τ))2dτ, (69)
we obtain (40). The proof of Lemma 2.1 is completed.
In order to use the similar method to prove the global existence as in [10, 5], we need the uniform
a-priori estimate around the symmetry center below.
Lemma 2.2. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the FBVP (29)-(31) for
t ∈ [0, T ] under the same assumption mass M < Mc, then there exists a positive constant C0,T > 0
depending on E0, M and T , but independent of ε, such that∫ T
0
∫ a(t)
ε
ρ2γ(r, t)r12drdt ≤ C0,T . (70)
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Proof. We multiply (29)2 by ϕ(r)(= r
3) and integrate the resulted equation over (r, a(t)) (r ∈ [ε, a(t)])
to obtain
(ρu2 + ργ − (λ+ 2µ)ur − (λ+ 2µ)2u
r
)ϕ
=∂t
∫ a(t)
r
ρuϕdy −
∫ a(t)
r
(ρu2 + ργ − (λ+ 2µ)uy − (λ+ 2µ)2u
y
)ϕydy
+
∫ a(t)
r
2ρu2
y
ϕdy +
∫ a(t)
r
4πρϕ
y2
∫ y
ε
ρs2dsdy, (71)
which yields
ρ2γϕ = (λ+ 2µ)ργ(ur +
2u
r
)ϕ− ρ1+γu2ϕ+ ργ∂t
∫ a(t)
r
ρuϕdy − ργ
∫ a(t)
r
(ρu2 + ργ)ϕydy
+(λ+ 2µ)ργ
∫ a(t)
r
(uy +
2u
y
)ϕydy + ρ
γ
∫ a(t)
r
2ρu2
y
ϕdy + ργ
∫ a(t)
r
4πρϕ
y2
∫ y
ε
ρs2dsdy.(72)
It follows from (29)1 that ρ
γ satisfies
(ργ)t + (ρ
γu)r +
2γργu
r
= (1− γ)ργur. (73)
Then, one has
ργ∂t
∫ a(t)
r
ρuϕdy = ∂t(ρ
γ
∫ a(t)
r
ρuϕdy)− ∂tργ
∫ a(t)
r
ρuϕdy = ∂t(ρ
γ
∫ a(t)
r
ρuϕdy)
+∂r(ρ
γu
∫ a(t)
r
ϕρudy) + {2γρ
γu
r
+ (γ − 1)ργur}
∫ a(t)
r
ρuϕdy + ϕρ1+γu2. (74)
Substituting (74) into (72), we get
ρ2γϕ = (λ+ 2µ)ργ(ur +
2u
r
)ϕ+ ∂t(ρ
γ
∫ a(t)
r
ρuϕdy) + ∂r(ρ
γu
∫ a(t)
r
ρuϕdy)
+{2γρ
γu
r
+ (γ − 1)ργur}
∫ a(t)
r
ρuϕdy − ργ
∫ a(t)
r
(ρu2 + ργ)ϕydy
+(λ+ 2µ)ργ
∫ a(t)
r
(uy +
2u
y
)ϕydy + ρ
γ
∫ a(t)
r
2ρu2
y
ϕdy + ργ
∫ a(t)
r
4πρϕ
y2
∫ y
ε
ρs2dsdy.(75)
Multiplying (75) by ϕ3 and integrating over [ε, a(t)]× [0, T ] lead to∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt =
∫ T
0
∫ a(t)
ε
{R.H.S of (75)}ϕ3drdt =
6∑
i=1
Ii. (76)
The right hand side terms of (76) can be estimated as follows:
|I1| = |(λ + 2µ)
∫ T
0
∫ a(t)
ε
ργ(ur +
2u
r
)ϕ4drdt|
≤ δ
∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt+ Cδ−1
∫ T
0
∫ a(t)
ε
(u2r +
4u2
r2
)ϕ4drdt
≤ δ
∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt+ δ−1C0,T .
It is easy to see that by (39) and (40):
|
∫ a(t)
r
ρuϕdy| ≤ 1
2
∫ a(t)
r
(ρu2 + ρ)ϕdy ≤ C0,T , (77)
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hence,
|I2| = |
∫ T
0
∫ a(t)
ε
ϕ3∂t(ρ
γ
∫ a(t)
r
ρuϕdy)drdt| ≤ C sup
0≤t≤T
|
∫ a(t)
ε
ργϕ3(
∫ a(t)
r
ρuϕdy)drdt|
≤ C0,T sup
0≤t≤T
∫ a(t)
ε
ργϕ3dr ≤ C0,T ,
|I3| = |
∫ T
0
∫ a(t)
ε
∂r(ρ
γu
∫ a(t)
r
ϕρudy)ϕ3drdt| = |
∫ T
0
∫ a(t)
ε
3ργuϕ2ϕr(
∫ a(t)
r
ϕρudy)drdt|
≤ δ
∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt + δ−1C0,T
∫ T
0
∫ a(t)
ε
u2ϕ2rdrdt
≤ δ
∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt + δ−1C0,T ,
|I4| = |
∫ T
0
∫ a(t)
ε
ϕ3{2γρ
γu
r
+ (γ − 1)ργur}(
∫ a(t)
r
ρuϕdy)drdt|
≤ C0,T
∫ T
0
∫ a(t)
ε
ϕ3|2γρ
γu
r
+ (γ − 1)ργur|drdt
≤ δ
∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt+ δ−1C0,T
∫ T
0
∫ a(t)
ε
(
u2
r2
+ u2r)ϕ
2drdt
≤ δ
∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt+ δ−1C0,T .
By (39) and (40), we get
|
∫ a(t)
r
(ρu2 + ργ))ϕydy| ≤ CE0, |
∫ a(t)
r
2ρu2
y
ϕdy| ≤ CE0, (78)
|
∫ T
0
∫ a(t)
r
(uy +
2u
y
)ϕydydt| ≤ C
∫ T
0
a(t)dt+ C
∫ T
0
∫ a(t)
ε
(u2y +
4u2
y2
)ϕ2ydydt ≤ C0,T , (79)
which gives
|I5| = |
∫ T
0
∫ a(t)
ε
ργϕ3{
∫ a(t)
r
(ρu2 + ργ))ϕydy
+(λ+ 2µ)
∫ a(t)
r
(uy +
2u
y
)ϕydy +
∫ a(t)
r
2ρu2
y
ϕdy}drdt|
≤ C0,T (
∫ T
0
∫ a(t)
ε
ργϕ3drdt+ sup
0≤t≤T
∫ a(t)
ε
ργϕ3dr) ≤ C0,T .
|I6| = |
∫ T
0
∫ a(t)
ε
ργϕ3
∫ a(t)
r
4πρϕ
y2
∫ y
ε
ρs2dsdydrdt|
≤ CM2
∫ T
0
∫ a(t)
ε
ργϕ3r−1drdt ≤ C0,T .
We finally get ∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt ≤ 3δ
∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt+ δ−1C0,T ,
Choosing δ = 16 , we obtain ∫ T
0
∫ a(t)
ε
ρ2γϕ4drdt ≤ C0,T .
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Use the same method as the proof of Lemma 3.4 in [6], we gets the bounds of particle path which
will be used to make other estimates below.
Lemma 2.3. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the FBVP (29)-(31) for
t ∈ [0, T ] under the same assumption mass M <Mc. Then
(E0/Cγ)
− 1
3(γ−1) x
γ
3(γ−1) ≤ r(x, τ) ≤ a(τ), (x, τ) ∈ [0, M
4π
]× [0, T ], (80)
(E0/Cγ)
− 1
γ−1 (x2 − x1)
γ
γ−1 ≤ r3(x2, τ)− r3(x1, τ), 0 ≤ x1 < x2 ≤ M
4π
, τ ∈ [0, T ]. (81)
Lemma 2.4. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the FBVP (29)-(31) for
τ ∈ [0, T ]. If the mass M < Mc, then
ρ0(r(0))e
−cx,T /(λ+2µ) ≤ ρ(r(t), t) ≤ ρ0(r(0))eCx,T /(λ+2µ), ∀t ∈ [0, T ], (82)
where r(t) is particle path defined as (87) and Cx,T , cx,T are positive constants.
Proof. Define
ξ =
∫ r
a(t)
ρudy, η = ρu2(r, t)− ρu2(a(t), t) +
∫ r
a(t)
2ρu2
y
dy.
A direct calculation together with (29) and (31) gives rise to
ξt + η + F =
∫ r
a(t)
(ρu)tdy + ρu
2(r, t)− 2ρu2(a(t), t) +
∫ r
a(t)
2ρu2
y
dy
+(ργ − (λ + 2µ)ur − (λ+ 2µ)2u
r
)(r, t)
=
∫ a(t)
r
(ρu2 + ργ − (λ+ 2µ)uy − (λ+ 2µ)2u
y
)ydy +
∫ a(t)
r
4πρ
y2
∫ r
ε
ρs2dsdy
+(ρu2 + ργ − (λ+ 2µ)ur − (λ + 2µ)2u
r
)(r, t) − 2ρu2(a(t), t)
= −ρu2(a(t), t) +
∫ a(t)
r
4πρ
y2
∫ y
ε
ρs2dsdy. (83)
Rewrite (29)1 as
ρt + ρru+ ρ(ur +
2u
r
) = 0,
which together with (29)2, yields
((λ + 2µ) ln ρ)t + ((λ + 2µ) ln ρ)ru+ ρ
γ − F = 0. (84)
It follows from (83) and (84) that
(ξ + (λ + 2µ) ln ρ)t + (ξ + (λ+ 2µ) ln ρ)ru+ ρ
γ
= −ρu2(a(t), t)− η + uξr +
∫ a(t)
r
4πρ
y2
∫ y
ε
ρs2dsdy
=
∫ a(t)
r
2ρu2
y
dy +
∫ a(t)
r
4πρ
y2
∫ y
ε
ρs2dsdy,
Thus, one has
D
Dt
(ξ + (λ+ 2µ) ln ρ) + ργ =
∫ a(t)
r
2ρu2
y
dy +
∫ a(t)
r
4πρ
y2
∫ y
ε
ρs2dsdy, (85)
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where DDt = ∂t + u∂r. Integrating (85) with respect to time t shows
(ξ + (λ + 2µ) ln ρ)(r(t), t) +
∫ t
0
ργ(r(s), s)ds
=(ξ + (λ + 2µ) ln ρ)(r(0), 0) +
∫ t
0
∫ a(τ)
r(τ)
2ρu2
y
dydτ +
∫ t
0
∫ a(τ)
r(τ)
4πρ
y2
∫ y
ε
ρs2dsdydτ, (86)
where r(t) is particle path defined as{
d
dtr(t) = u(r(t), t),
r(0) = r, r ∈ [ε, a0]. (87)
Therefore, it holds that
(λ+ 2µ) ln
ρ(r(t), t)
ρ0(r(0))
+
∫ t
0
ργ(r(s), s)ds
=
∫ a(t)
r(t)
ρudy +
∫ t
0
∫ a(τ)
r(τ)
2ρu2
y
dyds−
∫ a0
r(0)
ρ0u0dy +
∫ t
0
∫ a(τ)
r(τ)
4πρ
y2
∫ y
ε
ρs2dsdydτ. (88)
It follows from Ho¨lder’s inequality, (39), (40) and (80) that∫ a(t)
r(t)
ρudy ≤ 1
r2(x, t)
(
∫ a(t)
ε
ρu2y2dy)
1
2 (
∫ a(t)
ε
ρy2dy)
1
2 ≤ (E0/Cγ)
2
3(γ−1) x−
2γ
3(γ−1) (
ME0
π
)
1
2 , (89)
∫ t
0
∫ a(τ)
r(τ)
2ρu2
y
dydτ ≤
∫ T
0
1
r3(x, τ)
∫ a(τ)
ε
2ρu2y2dydτ ≤ 4T (E0/Cγ)
1
γ−1 x−
γ
γ−1E0. (90)
and,∫ t
0
∫ a(τ)
r(τ)
4πρ
y2
∫ y
ε
ρs2dsdydτ ≤
∫ t
0
4π
r4(x, τ)
∫ a(τ)
r(τ)
ρy2
∫ y
ε
ρs2dsdydτ ≤ M
2
4π
T (E0/Cγ)
4
3(γ−1) x−
4γ
3(γ−1) .
(91)
It holds that for the initial data∫ a0
r
ρ0u0dy ≤ 1
r2
(
∫ a0
ε
ρ0u
2
0y
2dy)
1
2 (
∫ a0
ε
ρ0y
2dy)
1
2 ≤ (E0/Cγ)
2
3(γ−1) x−
2γ
3(γ−1) (
ME0
π
)
1
2 . (92)
From the above estimates, we have
ρ0(r(0))e
− cx,T
λ+2µ ≤ ρ(r(t), t) ≤ ρ0(r(0))e
Cx,T
λ+2µ , ∀t ∈ [0, T ],
where Cx,T := 2(Cγ)
− 2
3(γ−1) (M/π)
1
2E
3γ+1
6(γ−1)
0 x
− 2γ
3(γ−1)+4T (E0/Cγ)
γ
γ−1 x−
γ
γ−1+M
2
4pi T (E0/Cγ)
4
3(γ−1) x−
4γ
3(γ−1)
and cx,T := Cx,T + T ‖ρ0‖γL∞eγ
Cx,T
λ+2µ .
2.2. Estimates in Lagrangian coordinates
The basic energy estimate can be written in Lagrangian coordinates as below.
Lemma 2.5. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the FBVP (29)-(31) for
τ ∈ [0, T ] under the same assumption mass M <Mc. Then∫ M
4pi
0
(
1
2
u2+Cγρ
γ−1)dx+(λ+2µ)
∫ τ
0
∫ M
4pi
0
{ρr4|ux|2 + 2u
2
ρr2
}dxds+(λ+2µ)
∫ t
0
a(τ)(a′(τ))2dτ ≤ E0,
(93)
and
a(t) ∈ H1([0, T ]), c0 ≤ a(t) ≤ CT , t ∈ (0, T ),
where E0 :=
∫ a0
ε (
1
2ρ0u
2
0 +
1
γ−1ρ
γ
0)r
2dr =
∫ M
4pi
0 (
1
2u
2
0 +
1
γ−1ρ
γ−1
0 )dx, c0 and CT are positive constants.
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Then, we establish the uniform estimates of solutions away from symmetric center in Lagrangian
coordinates.
Lemma 2.6. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the FBVP (29)-(31) for
τ ∈ [0, T ] under the assumption M < Mc. Assume further that for 0 < r0 < a0,
ρ0(r) ∈ L∞([r0, a0]), u0(r) ∈ H1([r0, a0]), (94)
namely
ρ0(x) ∈ L∞([x0, M
4π
]), (
u0√
ρ0r(0)
,
√
ρ0r
2(0)u0,x) ∈ L2([x0, M
4π
]),
where r3(0) := r3(x, 0) = ε3 + 3
∫ x
0
1
ρ0
(y)dy. Then∫ T
0
∫ M
4pi
x1
(u2τ + F
2
x )dxdτ +
∫ M
4pi
x1
F 2
ρ
dx+
∫ M
4pi
x1
(ρr4|ux|2 + 2u
2
ρr2
+ |ux|)dx ≤ Cx0 δ¯0, (95)
where Cx0 is a positive constant just depending on T, x1, x0 (0 < x0 < x1 <
M
4pi ), E0 and δ¯0 =
‖ρ0‖L∞[r0,a0] + ‖u0‖H1[r0,a0] = ‖ρ0‖L∞[x0,M4pi ] + ‖(
u0√
ρ0r(0)
,
√
ρ0r
2(0)u0,x)‖L2[x0,M4pi ].
Proof. Multiplying (35)2 with uτφ and integrating the resulted equation over [0,
M
4pi ], then we have∫ M
4pi
0
u2τφdx +
∫ M
4pi
0
Fx(ur
2)τφdx−
∫ M
4pi
0
Fx2ru
2φdx+
∫ M
4pi
0
4πx
r2
uτφdx = 0, (96)
where φ = χ2(x) and χ ∈ C∞([0, M4pi ]) satisfies 0 ≤ χ(x) ≤ 1, χ(x) = 1 for x ∈ [x1, M4pi ](0 < x0 < x1 <
M
4pi ), χ(x) = 0 for x ∈ [0, x0] and |χ′| ≤ 2x1−x0 . After integrating by part, it holds that∫ M
4pi
0
u2τφdx +
∫ M
4pi
0
F (
F − ργ
(λ+ 2µ)ρ
)τφdx−
∫ M
4pi
0
F (ur2)τφ
′dx
+
∫ M
4pi
0
(r−2uτ + 4πxr−4)2ru2φdx+
∫ M
4pi
0
4πx
r2
uτφdx = 0, (97)
which implies∫ M
4pi
0
u2τφdx +
1
2(λ+ 2µ)
d
dτ
∫ M
4pi
0
F 2
ρ
φdx
=
1
2(λ+ 2µ)
∫ M
4pi
0
F
F√
ρ
ρτ
ρ
3
2
φdx +
γ − 1
λ+ 2µ
∫ M
4pi
0
Fργ−2ρτφdx − 2
∫ M
4pi
0
r−1uτu2φdx
+
∫ M
4pi
0
Fuτr
2φ′dx+ 2
∫ M
4pi
0
Fu2rφ′dx− 8π
∫ M
4pi
0
u2r−3xφdx − 4π
∫ M
4pi
0
uτr
−2xφdx, (98)
where we have used the fact
−(ur2)x = F − ρ
γ
(λ+ 2µ)ρ
, Fx = −r−2uτ − 4πxr−4.
Using Lemma 2.5-2.4, Ho¨lder’s inequality, we obtain∫ M
4pi
0
u2τφdx+
1
2(λ+ 2µ)
d
dτ
∫ M
4pi
0
F 2
ρ
φdx
≤ δ
∫ M
4pi
0
u2τφdx + δ‖
√
φF‖2
L∞[0,M4pi ]
+ δ−1C(
∫ M
4pi
x0
ρ−3|ρτ |2dx)
∫ M
4pi
0
F 2
ρ
φdx
+C
∫ M
4pi
x0
F 2dx+ Cx0
∫ M
4pi
x0
ρ−3|ρτ |2 + δ−1Cx0‖u
√
φ‖2L∞[0,M4pi ]
∫ M
4pi
0
u2dx,
+δ−1Cx0
∫ M
4pi
x0
F 2dx+ Cx0‖u
√
φ‖2
L∞[0,M4pi ]
∫ M
4pi
0
u2dx+ Cx0
∫ M
4pi
0
u2dx+ δ−1Cx0 , (99)
16 H.-H. Kong and H.-L. Li
where δ ∈ (0, 1) is a small positive constant and Cx0 is a constant depending on x0, E0, T and
‖ρ0‖L∞[x0,M4pi ]. Since√
φF = −
∫ M
4pi
x
(
√
φF )ydy =
∫ M
4pi
x
uτr
−2√φdy + 4π ∫ M4pi
x
yr−4
√
φdy −
∫ M
4pi
x
(
√
φ)′Fdy, (100)
then we obtain
‖
√
φF‖2
L∞[0,M4pi ]
≤ Cx0
∫ M
4pi
0
u2τφdx+ Cx0
∫ M
4pi
x0
F 2dx+ Cx0 . (101)
By (93), (99) and (101), we obtain∫ M
4pi
0
u2τφdx+
d
dτ
∫ M
4pi
0
F 2
ρ
φdx ≤ Cx0(
∫ M
4pi
x0
ρ−3|ρτ |2dx)
∫ M
4pi
0
F 2
ρ
φdx+ Cx0‖uφ‖2L∞[0,M4pi ]
+Cx0
∫ M
4pi
x0
(F 2 + ρ−3|ρτ |2)dx+ δ−1Cx0 , (102)
By (35)1, Lemma 2.5-2.4, we get∫ T
0
∫ M
4pi
x0
F 2dxdτ +
∫ T
0
∫ M
4pi
0
ρ−3|ρτ |2dxdτ ≤ Cx0 . (103)
∫ T
0
‖u
√
φ‖2L∞[0,M4pi ]dτ ≤ C
∫ T
0
(
∫ M
4pi
0
|u|dx+
∫ M
4pi
0
|ux|
√
φdx)2dτ
≤ C
∫ T
0
∫ M
4pi
0
u2dxdτ + C
∫ T
0
∫ M
4pi
0
ρr4|ux|2dxdτ + Cx0
∫ T
0
∫ M
4pi
0
1
ρr2
φdxdτ
≤ C
∫ T
0
∫ M
4pi
0
ρr4|ux|2dxdτ + Cx0 ≤ Cx0 . (104)
It follows (102)-(104) and Gronwall’s inequality that∫ T
0
∫ M
4pi
0
u2τφdxdτ +
∫ M
4pi
0
F 2
ρ
φdx ≤ Cx0 δ¯0. (105)
The fact that ∫ M
4pi
0
|ρ(r2u)x|2
ρ
φdx =
∫ M
4pi
0
(ρr4|ux|2 + 2u
2
ρr2
)φdx + 2u2(
M
4π
, τ)a(τ)
−2
∫ M
4pi
0
ru2φ′dx, (106)
together with (105) gives rise to∫ M
4pi
0
(ρr4|ux|2 + 2u
2
ρr2
)φdx+ u2(
M
4π
, τ)a(τ)
≤ C
∫ M
4pi
0
((λ+ 2µ)ρ(r2u)x)
2
ρ
φdx + C
∫ M
4pi
0
u2dx
≤ C
∫ M
4pi
0
F 2
ρ
φdx+ C
∫ M
4pi
0
ρ2γ−1φdx + C
∫ M
4pi
0
u2dx
≤ C
∫ M
4pi
0
F 2
ρ
φdx+ Cx0 ≤ Cx0 δ¯0. (107)
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Therefore, it holds that∫ M
4pi
0
|ux|φdx ≤ C
∫ M
4pi
0
ρr4|ux|2φdx+ Cx0
∫ M
4pi
0
1
ρ
φdx ≤ Cx0 δ¯0. (108)
Lemma 2.7. Let T > 0, 65 < γ ≤ 43 , (ρ, u, a) be the solution to FBVP (29)-(31) for (r, t) ∈ [ε, a(t)] ×
[0, T ] under the assumption M < Mc. If the initial data ρ0 also satisfies (ρ
q
0)x ∈ L2[x1, M4pi ], then∫ M
4pi
x1
|(ρq)x|2dx ≤ Cx1δ0, (109)
where 12 < q = k +
1
2 ≤ γ and the constant Cx1 depends on T, x1, x0(0 < x0 < x1 < M4pi ), E0 and
δ0 = δ¯0 + ‖(ρq0)x‖L2[x1,M4pi ].
Proof. Multiplying (35)1 by qρ
q−1 and differentiating the resulted equation with respect to x, we
obtain
ρqxτ + q(ρ
q+1(ur2)x)x = 0. (110)
Multiplying (110) by (ρq)x and integrating over [x1,
M
4pi ], we have
1
2
d
dτ
∫ M
4pi
x1
|(ρq)x|2dx = −q
∫ M
4pi
x1
ρ(ur2)x|(ρq)x|2dx− q
λ+ 2µ
∫ M
4pi
x1
ρq(ρq)x(r
−2uτ + (ργ)x +4πxr−4)dx,
(111)
from which, together with Lemma 2.3-2.4, Lemma 2.5-2.6, we get
1
2
d
dτ
∫ M
4pi
x1
|(ρq)x|2dx ≤ C‖ρ(ur2)x‖L∞[x1,M4pi ]
∫ M
4pi
x1
|(ρq)x|2dx+ C
∫ M
4pi
x1
ργ |(ρq)x|2dx
+C‖r−2‖L∞[x1,M4pi ]
∫ M
4pi
x1
(|(ρq)x|2 + ρ2qu2τ )dx + C‖r−4‖L∞[x1,M4pi ]
∫ M
4pi
x1
(|(ρq)x|2 + ρ2q)dx
≤ Cx1(‖F‖L∞[x1,M4pi ] + ‖ρ‖
γ
L∞[x1,
M
4pi ]
)
∫ M
4pi
x1
|(ρq)x|2dx+ C
∫ M
4pi
x1
ργ |(ρq)x|2dx+ Cx1
∫ M
4pi
x1
ρ2q(u2τ + 1)dx
≤ Cx1(
∫ M
4pi
x1
|uτ |2dx+ 1)
∫ M
4pi
x1
|(ρq)x|2dx+ Cx1
∫ M
4pi
x1
|uτ |2dx+ Cx1 , (112)
where Cx1 is a constant depending on x1, E0, T and ‖ρ0‖L∞[x0,M4pi ].
By Gronwall’s inequality and Lemma 2.6, it holds that∫ M
4pi
x1
|(ρq)x|2dx ≤ Cx1δ0. (113)
Lemma 2.8. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the FBVP (29)-(31)for
(r, t) ∈ [ε, a(t)] × [0, T ] under the assumption M < Mc. Assume further ρ−
1
2
0 r
−2∂2ru0(r) ∈ L2[r1, a0],
namely (ρ0r
2u0x(x))x ∈ L2[x1, M4pi ] with x1 =
∫ r1
ε
ρ0s
2ds, then∫ M
4pi
x2
u2τdx+
∫ T
0
∫ M
4pi
x2
F 2τ
ρ
dxdτ +
∫ T
0
∫ M
4pi
x2
(ρr4u2xτ +
2u2τ
ρr2
)dxdτ + 2
∫ T
0
|a′′(τ)|2dτ ≤ Cx2δ1, (114)
and ∫ M
4pi
x2
|(ρ(ur2)x)x|2dx ≤ Cx2δ1, (115)
where Cx2 depends on T, x0, x1, x2 (0 < x0 < x1 < x2 <
M
4pi ), E0 and δ1 = δ0 + ‖ρ0r2u0x‖L2[x1,M4pi ].
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Proof. Differentiating (35)2 with respect to τ , we obtain
uττ + r
2Fxτ + 2ruFx − 8πxr−3u = 0. (116)
Choose a smooth function ψ = ζ2(x) where ζ ∈ C∞([0, M4pi ]) satisfies 0 ≤ ζ(x) ≤ 1, ζ(x) = 1 for
x ∈ [x2, M4pi ](0 < x0 < x1 < x2 < M4pi ), ζ(x) = 0 for x ∈ [0, x1] and |ζ′| ≤ 2x2−x1 .
Taking inner product of (116) with uτψ and integrating by part, it holds that
1
2
d
dτ
∫ M
4pi
0
u2τψdx+
1
λ+ 2µ
∫ M
4pi
0
F 2τ
ρ
ψdx
=
1
λ+ 2µ
∫ M
4pi
0
FFτ
ρ2
ρτψdx+
∫ M
4pi
0
Fτuτr
2ψ′dxdτ − 4
λ+ 2µ
∫ M
4pi
0
Fτρ
γ u
ρr
ψdx
+
γ − 1
(λ+ 2µ)2
∫ M
4pi
0
FτFρ
γ−1ψdx − γ − 1
(λ+ 2µ)2
∫ M
4pi
0
Fτρ
2γ−1ψdx+
4
λ+ 2µ
∫ M
4pi
0
FτF
u
ρr
ψdx
+6
∫ M
4pi
0
Fτ
u2
ρr2
ψdx+ 2
∫ M
4pi
0
u2τur
−1ψdx+ 16π
∫ M
4pi
0
xuuτr
−3ψdx
≤ δ
∫ M
4pi
0
F 2τ
ρ
ψdx+ C(‖u‖L∞([x1,M4pi ] + 1)
∫ M
4pi
0
u2τψdx+ δ
−1C‖F‖2L∞([x1,M4pi ]
∫ M
4pi
x1
(ρ−3|ρτ |2 + u
2
ρr2
)dx
+δ−1C(‖ρ‖2γ
L∞([x1,
M
4pi ]
+ ‖u‖2
L∞([x1,
M
4pi ]
)
∫ M
4pi
x1
u2
ρr2
dx+ δ−1C‖ρ‖L∞([x1,M4pi ]
∫ M
4pi
x1
u2τdx
+δ−1C‖ρ‖3γ
L∞([x1,
M
4pi ]
∫ M
4pi
0
ργ−1ψdx+ δ−1C‖ρ‖2γ
L∞([x1,
M
4pi ]
∫ M
4pi
0
F 2ψdx+ C
∫ M
4pi
x1
u2dx
≤ δ
∫ M
4pi
0
F 2τ
ρ
ψdx+ C(‖u‖L∞([x1,M4pi ] + 1)
∫ M
4pi
0
u2τψdx+ δ
−1Cx2(‖u‖2L∞([x1,M4pi ] +
∫ M
4pi
x1
u2τdx+ 1),(117)
where we have used the following facts:
(ur2)x =
1
λ+ 2µ
· ρ
γ − F
ρ
, (ur2)xτ =
1
λ+ 2µ
· (ρ
γ − F
ρ
)τ ,
∫ M
4pi
x0
ρ−3|ρτ |2dx ≤
∫ M
4pi
0
(ρr4|ux|2 + 2u
2
ρr2
)φdx ≤ C, (118)
|F (y, τ)| = | −
∫ M
4pi
y
Fxdx| = |
∫ M
4pi
y
r−2uτdx+ 4π
∫ M
4pi
y
r−4xdx|
≤ C
r2(x1, τ)
(
∫ M
4pi
x1
u2τdx)
1
2 +
C
r4(x1, τ)
, y ∈ [x1, M
4π
]. (119)
Choosing a small δ ∈ (0, 1) and using Gronwall’s inequality, we get
∫ M
4pi
0
u2τψdx+
∫ T
0
∫ M
4pi
0
F 2τ
ρ
ψdxdτ ≤ Cx2δ1. (120)
Free boundary value problem to Navier-Stokes-Poisson equations 19
Furthermore, we have∫ T
0
∫ M
4pi
0
(ρr4u2xτ +
2u2τ
ρr2
)ψdxdτ + 2
∫ T
0
|a′′(τ)|2a(τ)dτ
=
∫ T
0
∫ M
4pi
0
(ρr2uxτ +
2uτ
r )
2
ρ
ψdxdτ + 2
∫ T
0
∫ M
4pi
0
u2τrψ
′dxdτ
≤
∫ T
0
∫ M
4pi
0
|(ρr2ux + 2ur )τ |2
ρ
ψdxdτ +
∫ T
0
∫ M
4pi
0
|ρτr2ux|2
ρ
ψdxdτ + 4
∫ T
0
∫ M
4pi
0
|ρruux|2
ρ
ψdxdτ
+C
∫ T
0
∫ M
4pi
0
u4
ρr2
ψdxdτ + 2
∫ T
0
∫ M
4pi
0
u2τr|ψ′|dxdτ
≤
∫ T
0
∫ M
4pi
0
|Fτ |2
ρ
ψdxdτ +
∫ T
0
∫ M
4pi
0
ρ2γ−3|ρτ |2ψdxdτ +
∫ T
0
‖ρr2ux‖2L∞([x1,M4pi ]
∫ M
4pi
x0
ρ−3|ρτ |2dxdτ
+
∫ T
0
(‖ρr2ux‖2L∞([x1,M4pi ] + ‖u‖
2
L∞([x1,
M
4pi ]
)
∫ M
4pi
x1
u2
ρr2
dxdτ + 2
∫ T
0
∫ M
4pi
x1
u2τdxdτ ≤ Cx2δ1. (121)
By (120) and Lemma 2.7, we obtain∫ M
4pi
0
|(ρ(ur2)x)x|2ψdx ≤ C
∫ M
4pi
0
|Fx|2ψdx+ C
∫ M
4pi
0
|(ργ)x|2ψdx
≤ Cx2
∫ M
4pi
0
|uτ |2ψdx+ Cx2
∫ M
4pi
0
|4πx
r4
|2ψdx+ Cx2
∫ M
4pi
x1
|(ργ)x|2dx ≤ Cx2δ1. (122)
At last, we obtain the interior estimates below.
Lemma 2.9. Let T > 0, 65 < γ ≤ 43 and (ρ, u, a) be any strong solution to the FBVP (29)-(31)for
(r, t) ∈ [ε, a(t)] × [0, T ] under the assumption M < Mc. Assume further there exists 0 < r−0 < r0 <
rb < r
+
b ≤ a0 and a positive constant ρ∗ such that
inf
r∈[r−0 ,r+b ]
ρ0(r) ≥ ρ∗ > 0, u0(r) ∈ H2([r−0 , r+b ]), (123)
that is
inf
x∈[x−0 ,x+b ]
ρ0(x) ≥ ρ∗ > 0, u0(x) ∈ H2([x−0 , x+b ]), (124)
then it holds that
0 < cx−0 ,T
≤ ρ(r, t) ≤ Cx−0 ,T , ∀t ∈ [0, T ], ∀r ∈ [rx−0 (t), rx+b (t)], (125)
sup
τ∈[0,T ]
(‖ux‖2L2[x0,xb] + ‖ρx‖2L2[x0,xb] + ‖ρτ‖2L2[x0,xb] + ‖F‖2L2[x0,xb])
+
∫ T
0
‖(uτ , Fx)(τ)‖2L2[x0,xb]dτ +
∫ T
0
‖(uxx, ρxτ (τ)‖2L2[x0,xb]dτ ≤ C1, (126)
sup
τ∈[0,T ]
(‖uτ‖2L2[x0,xb] + ‖Fx‖2L2[x0,xb] + ‖uxx‖2L2[x0,xb]) +
∫ T
0
‖Fτ (τ)‖2L2[x0,xb]dτ
+
∫ T
0
‖(uτx, Fxx)(τ)‖2L2[x0,xb]dτ ≤ C2, (127)
where cx−0 ,T
, Cx−0 ,T
are positive constants depending on x−0 , T and the initial data, and rx−0 (t), rx+b (t)
are particle paths with x−0 =
M
4pi−
∫ a0
r−0
ρ0r
2dr, x+b =
M
4pi−
∫ a0
r+
b
ρ0r
2dr and xi =
M
4pi−
∫ a0
ri
ρ0r
2dr (i = 0, b).
The constant C1 depends on E0, cx−0 ,T
, Cx−0 ,T
, x+b , xi(i = 0, b), ‖ρ0‖H1[x−0 ,x+b ] and ‖u0‖H1[x−0 ,x+b ]
and C2 depends on C1 and ‖u0‖H2[x−0 ,x+b ].
20 H.-H. Kong and H.-L. Li
Proof. (125) can be deduced from (82) and (123).
Multiplying (35)2 with uτ φ˜ and integrating the resulted equation over [0,
M
4pi ], then we have∫ M
4pi
0
u2τ φ˜dx+
∫ M
4pi
0
Fx(ur
2)τ φ˜dx−
∫ M
4pi
0
Fx2ru
2φ˜dx+
∫ M
4pi
0
4πx
r2
uτ φ˜dx = 0, (128)
where φ˜ = χ˜2(x) and χ˜ ∈ C∞([0, M4pi ]) satisfies 0 ≤ χ˜(x) ≤ 1, χ˜(x) = 1 for x ∈ [
x0+x
−
0
2 ,
xb+x
+
b
2 ], χ˜(x) =
0 for x ∈ [0, x−0 ]∪ [x+b , M4pi ] and |χ˜′| ≤ 4x0−x−0 +
4
x+
b
−xb . Similarly as the proof of Lemma 2.6, we obtain∫ T
0
∫ M
4pi
0
u2τ φ˜dxdτ +
∫ M
4pi
0
F 2
ρ
φ˜dx ≤ C0, (129)
and
(λ+ 2µ)2
∫ M
4pi
0
(ρr4|ux|2 + 2u
2
ρr2
)φ˜dx =
∫ M
4pi
0
((λ+ 2µ)ρ(r2u)x)
2
ρ
φ˜dx+ 2(λ+ 2µ)2
∫ M
4pi
0
u2φ˜′dx ≤ C0,
(130)
where C0 depends on E0, Cx−0 ,T
and ‖u0‖H1[x−0 ,x+b ].
From (129)-(130), (35)2 and (125), we get
sup
τ∈[0,T ]
(‖ux‖2
L2[
x0+x
−
0
2 ,
xb+x
+
b
2 ]
+‖F‖2
L2[
x0+x
−
0
2 ,
xb+x
+
b
2 ]
)+
∫ T
0
‖(uτ , Fx)(τ)‖2
L2[
x0+x
−
0
2 ,
xb+x
+
b
2 ]
dτ ≤ C˜0, (131)
where C˜0 depends on C0 and cx−0 ,T
. Similarly as the Lemma 2.7, we obtain
sup
τ∈[0,T ]
‖ρx‖2
L2[
x0+x
−
0
2 ,
xb+x
+
b
2 ]
≤ C1 (132)
Thus, (126) can be deduced from (35) and (131)-(132). Similarly as the proof of the Lemma 2.8, one
can obtain (127) with the help of a proper cut-off function and (125).
2.3. The proof of Theorem 1.2
The proof of Theorem 1.2. For any fixed ε, the approximate FBVP problem (29) is essentially an one-
dimensional problem. Indeed, one can construct global solutions to the approximate FBVP (29)-(31).
Using the uniform estimates established above, we can obtain the global solution to the original FBVP
problem after compactness argument when ε→ 0 and justify the expected properties in Theorem 1.2
for the limiting solution.
We can modify the initial data (ρ0, u0) in Theorem 1.2 properly such that the modified initial
data (ρε0, u
ε
0) satisfies the following properties on [ε, a0]:
inf
r∈[ε,a0]
ρε0(r) > 0, u
ε
0(ε) = 0, ((ρ
ε
0)
γ − (λ+ 2µ)uε0,r − (λ + 2µ)
2uε0
r
)(a0) = 0, (133)
((ρε0)
k, uε0) → (ρk0 , u0) strongly in H1([ε, a0]) as ε → 0+ and ρε0(r) → ρ0(r) as ε → 0+, refer to [5]
for construction of such function. One can apply the standard argument to obtain a unique strong
solution local in time and then by the a-priori estimates and a continuity argument, we can continue the
local solution globally in time. Thus, the approximate FBVP (29)-(31) has a global strong solution
(ρε, uε, aε) on the domain [ε, aε(t)] × [0, T ] with the initial data (ρε0, uε0). In addition, one also can
use the similar space-discrete difference method [5] to prove the global existence. Extend (ρε, uε) by
setting (ρε, uε)(r, t) = (ρε(ε, t), 0) for 0 ≤ r ≤ ε and denote the extension function still by (ρε, uε) for
convenience.
First, we prove the strong convergence of (ρε, uε, aε) near the free boundary. It’s enough to
prove the strong convergence on the domain [rεxb , a
ε] × [0, T ], where r = rεxb is a particle path with
rεxb(0) = rb ∈ (b0, a0] and xb =
∫ a0
rb
ρ0r
2dr and the initial data satisfies (ρk0 , u0) ∈ H1[b0, a0]. It’s
convenient to show the strong convergence in Lagrangian coordinate on [xb, 1] × [0, T ]. Indeed, we
can show (ρε, uε, aε) satisfies the uniform estimate established in Lemmas 2.5–2.8 on [xb, 1] × [0, T ].
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Thus, by Lions-Aubin’s lemma, there is a limiting function (ρb, ub, a) so that up to a subsequence
(ρεj , uεj , aεj ), it holds that
(ρεj , uεj)→ (ρb, ub) strongly in C([0, T ]× [xb, 1])× C([0, T ];Lp[xb, 1]),
F εj → F strongly in L2([0, T ]× [xb, 1]),
aεj → a strongly in Cα([0, 1]), α ∈ (0, 12 ),
(134)
where rτ = ub and (r
3)x =
3
ρb
, F = ργb − (λ + 2µ)ρb(r2ub)x = ργb − (λ + 2µ)ρbr2∂xub − (λ + 2µ)2ubr .
In addition, by Lemma 2.4 and the construction that ρε0(r)→ ρ0(r) as ε→ 0+, we conclude that the
boundary condition ρb(a(t), t) = 0 holds.
Next, we show the convergence of(ρεj , uεj , aεj ) on an interior domain Ω
εj
in defined by
Ω
εj
in =: {(r, t)|0 ≤ r < aεj (t), 0 ≤ t ≤ T } ∩ {(r, t)|0 ≤ r ≤ a(t), 0 ≤ t ≤ T }.
Due to the strong convergence (134) of velocity and the particle path as εj → 0+, it holds that for
εj > 0 small enough
Ωin =: {(r, t)|0 ≤ r ≤ rxin(t), 0 ≤ t ≤ T } ⊂⊂ Ωεjin, (135)
where r = rxin(t) is a particle path defined by
d
dt
rxin(t) = ub(rxin(t), t), rxin(0) = rin ∈ (rb, a0), (136)
which satisfies that for xb < xin = 1−
∫ a0
rin
ρ0r
2dr,
0 < c(xin − xb)
γ
γ−1 ≤ r3xin(t)− r3xb(t), t ∈ [0, T ]. (137)
With help of Lemma 2.2, a proper cut-off function and a similar compactness argument as [10], we can
show that there is a limiting function (ρin, uin)(r, t) ((r, t) ∈ Ωin), so that up to a sub-subsequence
(ρεj , ρεjuεj ) converge to (ρin, ρinuin) in the sense that{
ρεj → ρin strongly in Lp(0, T ;Lp(0, rin(t))), ∀ 1 ≤ p ≤ 2γ
ρεjuεj ⇀ ρinuin weakly in L
∞(0, T ;L 2γγ+1 (0, rin(t))),
(138)
and (ρin, uin) satisfies (5) on Ωin in the sense of distribution. As [10], we define Lp(Ω)) := {f ∈
L1loc(Ω)|
∫
Ω |f(r)|pr2dr <∞} with norm ‖ · ‖Lp(Ω)) := (
∫
Ω | · |pr2dr)
1
p . Finally, define
(ρ, ρu) =
{
(ρb, ρbub)(x, t), rxb(t) ≤ |x| ≤ a(t), t ∈ [0, T ],
(ρin, ρinuin)(x, t), 0 ≤ |x| ≤ rxin(t), t ∈ [0, T ], (139)
where u = uxr , ub = ub
x
r , uin = uin
x
r and r = |x|. This is well defined and
(ρb, ρbub) = (ρin, ρinuin), a.e. (r, t) ∈ [rxb(t), rxin(t)]× [0, T ]. (140)
We can easily deduce that (ρ, ρu, a(t)) is a weak solution to FBVP (1), (5)-(8) in the sense of Definition
1.1, and by similar argument to [6] verify that (ρ, ρu, a(t)) satisfies the properties (15)-(22) and the
free boundary condition with the help of Lemmas 2.6–2.9. The proof of Theorem 1.2 is completed.
3. Long Time Expanding Rate
In this section, we investigate the long time behavior of global spherical symmetric solution to the
FBVP (5)-(8). Indeed, we can obtain an expanding rate of the domain occupied by the fluid.
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The proof of Theorem 1.3.Define an energy functional for a spherically symmetric solution (ρ, u, a)
as
H(t) =
∫ a(t)
0
(r − (1 + t)u)2ρr2dr + 2
γ − 1(1 + t)
2
∫ a(t)
0
ργr2dr − (1 + t)2
∫ a(t)
0
4π
r2
(
∫ r
0
ρs2ds)2dr
=
∫ a(t)
0
ρr4dr − 2(1 + t)
∫ a(t)
0
ρur3dr + (1 + t)2
∫ a(t)
0
ρu2r2dr
+
2
γ − 1(1 + t)
2
∫ a(t)
0
ργr2dr − (1 + t)2
∫ a(t)
0
4π
r2
(
∫ r
0
ρs2ds)2dr. (141)
A direct computation gives
H ′(t) =
∫ a(t)
0
(ρtr
4 − 2ρur3)dr + 2(1 + t)
∫ a(t)
0
{ρu2r2 − (ρu)tr3 + 2
γ − 1ρ
γr2 − 4π
r2
(
∫ r
0
ρs2ds)2}dr
+(1 + t)2
∫ a(t)
0
{(ρu2)tr2 + 2
γ − 1(ρ
γ)tr
2 − 8π
r2
∫ r
0
ρs2ds
∫ r
0
ρts
2ds}dr
+{ρur4 − 2(1 + t)ρu2r3 + (1 + t)2ρu3r2 + 2
γ − 1(1 + t)
2ργur2 − (1 + t)2 4πu
r2
(
∫ r
0
ρs2ds)2}|r=a(t)
=: I1 + I2 + I3 + IB . (142)
By (5) and (8), one has
I1 = −
∫ a(t)
0
((ρur2)rr
2 + ρur22r)dr = −
∫ a(t)
0
(ρur4)rdr = −(ρur4)|r=a(t), (143)
I2 = 2(1 + t)
∫ a(t)
0
{(ρu2r3)r + (ργ − (λ+ 2µ)(ur + 2u
r
))rr
3 +
2
γ − 1ρ
γr2}dr
+2(1 + t)
∫ a(t)
0
{4πρr
∫ r
0
ρs2ds− 4π
r2
(
∫ r
0
ρs2ds)2}dr
= 2(1 + t)(ρu2r3)|r=a(t) − 6(1 + t)
∫ a(t)
0
(ργ − (λ+ 2µ)(ur + 2u
r
))r2dr +
4(1 + t)
γ − 1
∫ a(t)
0
ργr2dr
+2(1 + t)
∫ a(t)
0
{4πρr
∫ r
0
ρs2ds− 4π
r2
(
∫ r
0
ρs2ds)2}dr
= 6(λ+ 2µ)(1 + t)
∫ a(t)
0
(ur2)rdr +
2(2− 3(γ − 1))
γ − 1 (1 + t)
∫ a(t)
0
ργr2dr
+2(1 + t)
∫ a(t)
0
{4πρr
∫ r
0
ρs2ds− 4π
r2
(
∫ r
0
ρs2ds)2}dr + 2(1 + t)(ρu2r3)|r=a(t), (144)
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I3 = (1 + t)
2
∫ a(t)
0
2uρutr
2dr + (1 + t)2
∫ a(t)
0
ρtu
2r2dr
+(1 + t)2
∫ a(t)
0
2γ
γ − 1ρ
γ−1ρtr2dr − (1 + t)2
∫ a(t)
0
8π
r2
∫ r
0
ρs2ds
∫ r
0
ρts
2dsdr
= −(1 + t)2
∫ a(t)
0
2ur2{ρuur + ∂rργ − (λ+ 2µ)(ur + 2u
r
)r +
4πρ
r2
∫ r
0
ρs2ds}dr
−(1 + t)2
∫ a(t)
0
u2(ρur2)rdr − (1 + t)2
∫ a(t)
0
2γ
γ − 1ρ
γ−1(ρur2)rdr
+(1 + t)2
∫ a(t)
0
8πρu
∫ r
0
ρs2dsdr
= −2(λ+ 2µ)(1 + t)2
∫ a(t)
0
(ur +
2u
r
)2r2dr − (1 + t)2(ρu3r2 + 2
γ − 1ρ
γur2)|r=a(t). (145)
Substituting the above estimates into (142) yields that
H ′(t) = −2(λ+ 2µ)(1 + t)2
∫ a(t)
0
(ur +
2u
r
)2r2dr +
2(2− 3(γ − 1))
γ − 1 (1 + t)
∫ a(t)
0
ργr2dr
+2(1 + t)
∫ a(t)
0
{4πρr
∫ r
0
ρs2ds− 4π
r2
(
∫ r
0
ρs2ds)2}dr
+6(λ+ 2µ)(1 + t)u(a(t), t)a2(t)− (1 + t)2 4πu(a(t), t)
a2(t)
(
∫ a(t)
0
ρr2dr)2
= −2(λ+ 2µ)(1 + t)2
∫ a(t)
0
(ur +
2u
r
)2r2dr +
2(5− 3γ)
γ − 1 (1 + t)
∫ a(t)
0
ργr2dr
− 1
4π
(1 + t)
∫ a(t)
0
r2|Φr|2dr + 6(λ+ 2µ)(1 + t)a′(t)a2(t)
+(1 + t)
M2
4πa(t)
− (1 + t)2M
2
4π
a′(t)
a2(t)
, (146)
where we have used Φr = − 4pir2
∫ r
0 ρs
2ds and
4π
∫ a(t)
0
ρr
∫ r
0
ρs2dsdr = 2π
∫ a(t)
0
r−1∂r(
∫ r
0
ρs2ds)2dr
=
1
8π
∫ a(t)
0
r2|Φr|2dr + 2π
a(t)
(
∫ a(t)
0
ρr2dr)2.
By the definition of H(t), we have
− 1
4π
(1 + t)
∫ a(t)
0
r2|Φr|2dr = H(t)
1 + t
− 1
1 + t
∫ a(t)
0
(r − (1 + t)u)2ρr2dr − 2
γ − 1(1 + t)
∫ a(t)
0
ργr2dr
≤ H(t)
1 + t
− 2
γ − 1(1 + t)
∫ a(t)
0
ργr2dr. (147)
Therefore,
H ′(t) ≤ H(t)
1 + t
+
2(4− 3γ)
γ − 1 (1 + t)
∫ a(t)
0
ργr2dr
+2(λ+ 2µ)(1 + t)
d
dt
a3(t) +
d
dt
(
M2
4π
(1 + t)2
a(t)
)− M
2
4π
(1 + t)
a(t)
.
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Let Y (t) = H(t)− M24pi (1+t)
2
a(t) , then
Y ′(t) ≤ Y (t)
1 + t
+
2(4− 3γ)
γ − 1 (1 + t)
∫ a(t)
0
ργr2dr + 2(λ+ 2µ)(1 + t)
d
dt
a3(t). (148)
For 65 < γ ≤ 43 and M < M < Mc, we obtain the lower bound of Y (t) below by the definition of H(t)
and the basic estimate (51):
Y (t) = H(t)− M
2
4π
(1 + t)2
a(t)
≥ 2
γ − 1(1 + t)
2
∫ a(t)
0
ργr2dr − (1 + t)2
∫ a(t)
0
4π
r2
(
∫ r
0
ρs2ds)2dr − M
2
4π
(1 + t)2
a(t)
≥ 2(1 + t)2( 1
γ − 1
∫ a(t)
0
ργr2dr − 4π
∫ a(t)
0
ρr
∫ r
0
ρs2dsdr)
≥ (1 + t)2 1
γ − 1
∫ a(t)
0
ργr2dr > 0. (149)
By (148) and (149), we obtain
Y ′(t) ≤ 3(3− 2γ) Y (t)
1 + t
+ 2(λ+ 2µ)(1 + t)
d
dt
a3(t), (150)
which, together with Gronwall’s inequality and (149), implies
1
γ − 1
∫ a(t)
0
ργr2dr ≤ C(1 + t)7−6γa31(t), (151)
since 65 < γ ≤ 43 and
a1(t) := max
s∈[0,t]
a(s) ≥ c0 > 0. (152)
Then, we obtain
a1(t) ≥ C(1 + t)
6γ−7
3γ , (153)
which deduced from (151) and the fact
M
4π
=
∫ a0
0
ρ0r
2dr =
∫ a(t)
0
ρr2dr ≤ a(t) 3(γ−1)γ (
∫ a(t)
0
ργr2dr)
1
γ . (154)
By (148) and Gronwall’s inequality, we obtain
Y (t) ≤ (1 + t)Y (0) + 2(λ+ 2µ)(1 + t)a3(t) + 2(4− 3γ)
γ − 1 (1 + t)
∫ t
0
∫ a(τ)
0
ργr2drdτ (155)
For γ = 43 , it is derived from (155) that
Y (t) ≤ (1 + t)Y (0) + 2(λ+ 2µ)(1 + t)a3(t) ≤ C(1 + t)a3(t), (156)
since a(t) ≥ c0. Thus, from (148), we obtain∫ a(t)
0
ργr2dr ≤ C(1 + t)−1a3(t). (157)
The combination of (154) and (157) gives rise to
a(t) ≥ C(1 + t) 14 , γ = 4
3
. (158)
For 65 < γ <
4
3 , it holds from (155) and (149) that
1 + t
γ − 1
∫ a(t)
0
ργr2dr ≤ Y (0) + 2(λ+ 2µ)a3(t) + 2(4− 3γ)
γ − 1
∫ t
0
∫ a(τ)
0
ργr2drdτ, (159)
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which, together with Gronwall’s inequality, implies
1
γ − 1
∫ t
0
∫ a(τ)
0
ργr2drdτ ≤ Y (0)
2(4− 3γ) [(1 + t)
2(4−3γ) − 1]
+2(λ+ 2µ)(1 + t)2(4−3γ)
∫ t
0
(1 + τ)−9+6γa3(τ)dτ. (160)
Claim: for each γ ∈ (65 , 43 ) and β ∈ (2(4−3γ)3 , 13γ ), there exists {tn} such that
a(tn)
(1 + tn)β
→ +∞, tn → +∞. (161)
Indeed, if (161) does not hold, then there is a positive constant Aβ such that
a(t) ≤ Aβ(1 + t)β . (162)
By (154), (159), (160), (162), we have
1
γ − 1(
M
4π
)γ ≤ Y (0)(1 + t)2(4−3γ)−1a3(γ−1)(t) + 2(λ+ 2µ)(1 + t)−1a3γ(t)
+ 4(4− 3γ)(λ+ 2µ)(1 + t)2(4−3γ)−1a3(γ−1)(t)
∫ t
0
(1 + τ)−9+6γa3(τ)dτ
≤ Y (0)A3(γ−1)β (1 + t)2(4−3γ)−1+3β(γ−1) + 2(λ+ 2µ)A3γβ (1 + t)3βγ−1
+ 4(4− 3γ)(λ+ 2µ)A3γβ (1 + t)2(4−3γ)−1+3β(γ−1)
∫ t
0
(1 + τ)−9+6γ+3βdτ
≤ Y (0)A3(γ−1)β (1 + t)2(4−3γ)−1+3β(γ−1) + 2(λ+ 2µ)A3γβ (1 + t)3βγ−1
+ 4(4− 3γ)(λ+ 2µ)A3γβ
(1 + t)3βγ−1
3β − 2(4− 3γ) → 0, as t→ +∞. (163)
This is a contradiction. Thus, the time expanding rate (161) of the free boundary holds.
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